Abstract. We investigate the dispersion relation of Möbius domain-wall fermions in free field theory at finite L s . We find that there are L s − 1 extra poles of Möbius domain-wall fermions in addition to the pole which realizes the physical mode in the continuum limit.
Introduction
Lattice calculation including the charm quark as well as the lighter quarks is desired to give accurate prediction of the Standard Model, which could play a key role in probing for new physics beyond the Standard Model. Since the charm-quark mass is comparable to currently available lattice cutoffs, the charm quark on the lattice could induce significant discretization errors.
Domain-wall fermions with large input masses are known to have some special difficulties as well as the naïve O(a) discretization errors. Such difficulties were originally suggested [1, 2] by analyzing the eigenvalues of the hermitian version of the domain-wall operator, the five-dimensional Dirac operator multiplied by the chirality operator γ 5 and the five-dimensional reflection operator. That work explained that the hermitian operator involves unphysical modes as well as the physical modes and that the eigenvalues of unphysical modes are largely independent of the input quark mass, while those of physical modes are roughly proportional to the input mass. This implies that the dominance of physical modes would be lost as the input mass increases.
A few years later, [3] observed the oscillatory behavior of correlation functions, which is known as a particular issue of domain-wall fermions and is observed at large values of the domain-wall height such as M 5 = 1.7. This oscillatory behavior was described as the result of negative eigenvalues of the transfer matrix [4] , which were found to exist at large values of M 5 , M 5 > 1 in the case of free field theory.
In this work, we propose another point of view to describe such a curious artifact through an investigation of the pole structure of Möbius domain-wall fermions in free field theory. Although a study of the pole structure of the domain-wall fermion propagator was recently done [5, 6] , we find this previous work contains some mistakes in the analytic formula of the quark propagator and the understanding of the pole structure. We provide corrections to these mistakes and discuss the Speaker, e-mail: mt3164@columbia.edu, supported in part by US DOE grant #DE-SC0011941 dependence of the pole structure on the domain-wall height M 5 and the difference between the Möbius parameters b − c.
This article is organized as follows. In Section 2, we give definitions and the propagators of Möbius domain-wall fermions both in four and five dimensions. In Section 3, the presence of unphysical poles of domain-wall fermions is demonstrated. In Section 4, we show the energy-momentum dispersion relations for the physical and unphysical poles and discuss their dependence on the parameters of Möbius domain-wall fermions.
Definitions and propagator of Möbius domain-wall fermions at finite L s
We consider the Möbius domain-wall fermion action ψD MDW ψ, where the Dirac operator D MDW in momentum space is given by
Here, we use the chiral projection operators P ± = 1 2 (1 ± γ 5 ) and
with the Wilson Dirac operator D W at a negative mass parameter −M 5 ,
where / p = µ γ µ sin p µ . For simplicity, we omit the lattice spacing a and express everything in lattice units throughout this article. As is shown in [7, 8] , if the four-dimensional quark fields are defined as
the corresponding quark propagator has the form
which is the same as the propagator of overlap fermions up to an overall factor and a contact term in the limit of infinite L s . Besides the mass parameter, there are four input parameters: the extent of the fifth dimension L s , the domain-wall height M 5 , the Möbius parameters b and c. Although these parameters characterize the regularization and do not affect any observables in the continuum limit after fermion mass renormalization, discretization errors at finite lattice spacings depend on them. We can rewrite the five-dimensional Dirac operator D MDW as
where we define
The five-dimensional propagator of Möbius domain-wall fermions can thus be obtained in the same manner [9] as for Shamir domain-wall fermions:
Inserting this result into (5), we obtain
3 Unphysical poles at finite L s
As is well known, the continuum limit of a lattice fermion reproduces only a relevant Dirac field as long as doublers have been removed. Actual lattice calculations are however carried out at finite lattice spacings, where unphysical extra modes could appear depending on the details of lattice action. Such poles may induce complicated discretization errors which are not easily controlled. In this section, we show the presence of unphysical poles of Möbius domain-wall fermions in free field theory. Figure 1 shows
Here, the input mass parameter m is tuned so that the physical pole mass m pole f reads 0.35. The lower panels show some magnifications of complicated parts in the upper panel, which accommodates all the zero points of F L s . Since we find all of the zero points are located on the imaginary axis of p 4 for this parameter choice, we plot the result only at Re p 4 = 0. While the physical pole is seen at Im p 4 = m pole f = 0.35, there are nine other zero points of F L s . Two of them are identified as the solutions of cosh α = 1 or cosh α = −1, which correspond to Im p 4 2.30 and 0.74 in the plot, respectively. The other seven zero points are located between these two special zero points.
The special two zero points satisfying cosh α = ±1 are not poles of the propagator (18) since the numerator of the propagator also vanishes at these points and the limit lim α→0,iπ S 4d F (p) is still finite. On the other hand, the quark propagator at each of the remaining seven zero points is singular, indicating these zero points are unphysical poles. These unphysical poles are located in the region and spatial momentum p = (
).
−1 < cosh α < 1, where α is pure imaginary and therefore any terms in (17) are not suppressed at large values of L s , showing some oscillations with varying Im p 4 . Since the number of these oscillations is proportional to L s , the number of unphysical poles increases as L s increases and we find L s − 1 unphysical poles in our analysis.
Energy-momentum dispersion relation
As is well known, a pole at p 4 = iE in Euclidean space behaves ∼ e −Et in coordinate space. If the energy E of the physical pole is close to or larger than that of unphysical poles, the signal of the physical pole may be unclear even at long distances.
The relation between the spatial momentum and the pole energy is represented by the energymomentum dispersion relation. The dispersion relation on the lattice deviates from that in the continuum limit with O(a 2 ) error allowing O(4)-violating terms. The dispersion relations for improved overlap fermions using the Brillouin kernel were investigated [10, 11] . In this section, we concentrate on unimproved Möbius domain-wall fermions and show the dispersion relation for both the physical and unphysical poles. = 0. We choose the spatial momentum in the diagonal direction, p = (
). At any spatial momenta, there are one physical (solid curve) and seven unphysical poles (dashed curves) on the imaginary axis of p 4 .
As discussed in the previous section, these unphysical poles are located in the region between two curves, cosh α = 1 (dashed-dotted curve) and cosh α = −1 (dotted curve). The boundaries cosh α = ±1 are analytically given by increases, it approaches the unphysical pole masses and the dominance of the physical pole would be lost.
In Figure 4 , we show the dispersion relation at L s = 16. As described in the previous section, F L s oscillates in the region satisfying −1 < cosh α < 1 with varying p 4 and the frequency of the oscillation is proportional to L s . The number of unphysical poles has therefore increased to 15. Figure 5 shows the result at b − c = 0.5. In the plot, one bound on the unphysical poles satisfying cosh α = −1 is larger than that for the Shamir type b − c = 1 and the lightest unphysical pole mass has been increased to ∼ 1.41, implying that the contribution of unphysical poles at long distances would be suppressed more rapidly. In Figure 6 , which shows the result at b − c = 0, the curve of cosh α = −1 is infinitely large as (20) and therefore some of the unphysical poles may exist at Re p 4 = π. Figure 7 shows the result at M 5 = 1.4. There are two separated curves of cosh α = 1, which blow up at | p | 0.90. One of them at smaller spatial momenta (dashed double-dotted curve) is located at Re p 4 = π. As suggested in [5, 6] , unphysical poles at Re p 4 = π may cause unphysical oscillation since the contribution of a pole at p 4 = p = 0. In Figure 7 , the lower bound on the unphysical pole masses at Re p 4 = 0 (cosh α = −1) is smaller than that at Re p 4 = π (cosh α = 1), indicating that the unphysical contributions from the former type of poles may be more significant than those from the latter type of poles. Figure 8 shows the result at b − c = 0. Since the boundary of cosh α = −1 goes to infinity at b − c = 0, there are no unphysical poles on the imaginary axis of p 4 at small spatial momenta (| p | 0.90). All unphysical poles are located at Re p 4 = π for | p | 0.90 and at Re p 4 = 0 for | p | 0.90.
As we have seen, the lower bound on the unphysical pole energies can be increased by taking b − c smaller when p 4 | cosh α=−1 < p 4 | cosh α=1 . Since b − c = 1 satisfies this inequality at zero and small spatial momenta, this fact implies that we can reduce the contamination of unphysical poles by decreasing b−c from 1 at least in free field theory. Non-perturbative effects may slightly change this prospect and this possibility motivates us to implement a non-perturbative study on the effect of unphysical poles, which is on-going.
Summary
We have shown that the propagator of domain-wall fermions has L s − 1 extra poles. Since the energymomentum dispersion relation for unphysical poles is mostly independent of input physical quark mass, these poles may affect 4D physics significantly when the input quark mass is comparable to the unphysical pole masses, which is O(a −1 ). Examining the dependence on parameters of Möbius domain-wall fermions, we demonstrate that b − c should be smaller than 1 for a rapid suppression of the contamination of unphysical poles at least in free field theory.
It should be also noted that small values of b − c may spoil the approximation of the sign function because the upper limit on the eigenvalues of the Möbius kernel becomes large. Therefore, we need to tune the parameters taking account of the violation of the Ginsparg-Wilson relation as well as of the effects of unphysical poles. A non-perturbative study to tune the parameters of Möbius domain-wall fermions is on-going. The property of unphysical poles is discussed in the full paper [12] in more detail.
